Abstract: We present the exact expression for the Nahm gauge field associated to a SU(N) charge one self-dual gauge field on T 3 × R. The result implies that the size of the instanton is determined by the "distance" between its two flat connections at t → ±∞.
1.
A long standing problem is to find analytic self-dual solutions on a higher dimensional torus for non-Abelian gauge theories. For T 4 solutions with topological charges higher than one can be proven to exist [1] . However, it can be shown there is no regular solution with topological charge one [2] , though existence is assured [3] in case one allows for twisted boundary conditions [4] . The main tool for studying self-dual solutions has become the Nahm duality transformation [5] that maps a charge k, U(N) solution to a charge N, U(k) solution on the dual torus. We consider gauge fields in four euclidean dimensions on spaces T n × R 4−n = R 4 /Λ, where Λ is a n-dimensional lattice embedded in R 4 , whose dual is denoted by the n-dimensional latticeΛ, which we consider to be embedded in R n . The dual torus on which the Nahm transformed gauge field lives isT n = R n /Λ. Hence, for n = 4 there is a reduction in dimension. The extreme case is when n = 0, which reduces to the algebraic ADHM [6] construction on R 4 . The case n = 1 has also led to considerable progress in demonstrating that instantons at finite temperature (calorons) have monopoles as constituents [7, 8] . Important pratical use of the Nahm transformation stems from the fact that the charge one solutions are mapped to self-dual Abelian fields.
Recently González-Arroyo [9] has constructed the Nahm transformation in the presence of twisted boundary conditions for T 4 . One interprets twisted boundary conditions as "half-period" conditions (for SU(2) a quite appropriate terminology), applying the Nahm transformation to the gauge fields on the (smallest) extended torus with periodic boundary conditions. One subsequently looks for "half-periods" on the dual torus. This elegant construction will lead to important new insights, but increases the topological charge of the periodic solutions. It forces one to deal with Nahm gauge fields that are non-Abelian, not giving an obvious simplification that is likely to lead to a handle on an analytic construction.
Here we will be concerned with T 3 × R, for which the Nahm transformation was introduced a few years ago [10] , and which is relevant for the Hamiltonian formulation of gauge theories in a finite volume with periodic boundary conditions (for a recent review addressing the dynamical issues see ref. [11] ). In this Letter we will present the analytic solution for the gauge field obtained after applying the Nahm transformation to a charge one instanton, in terms of its flat connections at t → ±∞. That the instanton has to approach a flat connection in these limits is a simple consequence of the requirement of finite action.
2. We first present the formalism, being rather brief and referring the interested reader to refs. [2, 5, 10] 
It is made into a family of self-dual gauge fields by adding a (flat) constant Abelian connection, A z (x) = A(x) + 2πid(z · x). Note that the differential is with respect to x only, d(z · x) = z · dx = z µ dx µ , and an identity matrix, I N , in the algebra of U(N) is implicit. Even though the curvature (field strength) is independent of z, its dependence cannot be gauged away since the appropriate Abelian gauge transformation g(x) = exp(2πiz · x) is not periodic, except when z ∈Λ. This shows that z can be considered to live on the dual space R n /Λ. The reduction in dimension alluded to above occurs since for non-compact directions the relevant components of z can be gauged away. Equivalently, non-compact directions can be interpreted as having infinite periods, which under the duality are mapped to zero periods, removing the dependence on the dual coordinate.
The Nahm transformation involves the zero-modes of the Weyl equation, of which there are as many as the charge (k) of the gauge field
where σ µ form a basis of unit quaternions (σ 0 = I 2 and −iσ j = τ j the Pauli matrices). As Ψ z is in the fundamental representation of the gauge group we can not allow for twisted boundary conditions, which require the center of the gauge group to act trivially. As mentioned above one can enlarge the periods [9] to deal with twisted boundary conditions. Here we will instead consider only twisted boundary conditions in the non-compact directions, where the action of the center of the gauge group is trivialised [10] due to Weyl fermions vanishing asymptotically, so as to ensure normalisability. The Nahm connection is given in terms of the normalised zero-modes bŷ
It is not difficult to show that this is a U(k) connection on R 4 /Λ and using the family index theorem one concludes [2] the topological charge of the Nahm gauge field to be N. The index theorem relates the difference of the number of zero-modes with opposite chirality to the topological charge, that is ker
Additional (i.e. non-generic) zero-modes are therefore detected as zero-modes of
is the anti-self dual 't Hooft tensor. For self-dual fields we have that
, which commutes with σ µ , from which Nahm derived the remarkable result that the Nahm gauge field is self-dual as well. For T 4 this is most easily demonstrated, as the manifold has no boundaries. Technically one requires the absence of flat factors [12] to ensure that ker(D † z ) is trivial. For a non-compact manifold, applying index theorems requires some care, but in principleÂ(z) is well defined as long as dim ker(D † z )=0, and one finds [10] 
where
is the self-dual 't Hooft tensor and G z is the Greens function for
3. On T 4 , applying the Nahm transformation again brings one back to the original solution. In other cases one needs to modify the second, or inverse, Nahm transformation. The boundary terms are particularly important in the case of instantons on R 4 , leading to the ADHM construction [6] for reconstructing the original gauge field. The modification corrects for the fact thatÂ(z) is no longer self-dual due to the boundary terms. However, boundary terms only occur at a finite number of isolated points, and can be expressed in terms of delta functions (excluding the situation of R 4 where the dual space is reduced to a single point). The singularities are fixed by the asymptotic holonomies (the Polyakov loops). For T 3 × R there are two disconnected asymptotic regions and we specify
where n is the number of windings for each direction on T 3 , specifying the homotopy type of the curve C( n). The N eigenvalues of P ± ( n, z) are given by exp(2πi( ω j ± + z) · n). For SU(N) gauge fields one has in addition j ω j ± = 0. It is now easily seen [10] , when all eigenvalues are unequal to one, that a Weyl zero-mode decays as exp(∓tM ± (z)), where M ± (z) is the mass-gap of the Weyl equation reduced to T 3 for t → ±∞, with
Indeed, M ± (z) vanishes whenever P ± ( n, z) has a unit eigenvalue for all n. Only for those cases the boundary terms arising from a partial integration in computingF can be nonvanishing.
Outside of the singularities the field is self-dual andÊ i (z) =B i (z). AsÂ(z) is independent of z 0 we haveÊ i (z) = i∂ iÂ0 (z). We extract a factor i, to defineÊ i (z) and B i (z)(= − i 2 ε ijkFjk (z)) as real fields. Assuming other than periodic boundary conditions, near one of the singularities integration by steepest descent yieldsÂ 0 (z) → ±iq/M ± (z), where q is a positive constant. This means that the singularities act as point sources with charges ±q. Since self-duality implies that the (Maxwell) field equations are satisfied, the exact solution is found by performing the sum over periods for these point charges. But we can say more. For the gauge field to be well-defined outside of the singularities, charge quantisation should be enforced and one concludes that q/π has to be an integer, but generically q = π. This ensures the magnetic sources are those of Dirac monopoles with unobservable Dirac strings. We will now demonstrate this on the basis of a Berry phase type argument.
4. We restrict ourselves to the case of twisted boundary conditions in the time direction. For ease of notation we take all three periods equal to one (generalisation to another torus is straightforward) and we consider T 3 × R as the limit for T → ∞ of T 3 × [0, T ]. The twist can be implemented by choosing [4, 14] the gauge field to be periodic in the spatial directions, whereas the gauge field at t = T is related to the one at t = 0 by a gauge transformation g( x) = g k ( x)g k ( x). Here g k ( x) is a periodic gauge transformation with winding number k and g k ( x) = exp(2πi x · kΘ), with Θ (= 1 2
For finite T and k = 0 mod Z 3 N existence of a 4Nk parameter set of solutions is guaranteed [3] . Taking T → ∞ yields solutions on T 3 × R. With twisted boundary conditions P + ( n, z) = exp(2πi k · n)P − ( n, z), relating the singularities discussed above.
Consider T finite and add an Abelian background gauge field, whose flux compensates for the twist [13] . The price one pays is that the U(N) gauge field will in general no longer be self-dual. We introduce the periods L µ and the antisymmetric twist tensor n µν , where in the case at hand we would have L i = 1, L 0 = T , whereas n 0i = k i . One defines
In terms of the curvature two-formΩ = 1 2F µν dx µ ∧ dx ν , the first Chern class is given by
The Pontryagin index for the U(N) bundle A +Ā is now
where Ω is the curvature two-form of the original (self-dual) SU(N) connection, satisfying T rΩ = 0. From ref. [14] we find P = ν − (N − 1)pf(n)/N, with ν integer, such that P t = P +P = P − c 1 ∧ c 1 /(2N) = P − pf(n)/N. Thus, P t = ν − pf(n) is always integer as required for U(N) vector bundles. For the case at hand, with only twist in the time direction, pf(n) = 0 and the topological charge is not affected by adding the twist compensating Abelian background field. The Nahm transformation maps this to a bundle with rank P t , charge N and first Chern class T 4 (dz µ ∧ dx µ ) 2 ∧ c 1 (for the precise formulation see ref. [2] ). Consider now the case of topological charge one. Assuming the Weyl cokernel to be trivial for all z, we get a (non-selfdual) U(1) connection with chargeP = N. But for an Abelian connection we also haveP = − 1 2 ĉ 1 ∧ĉ 1 = −pf(n) = 0. So there must be values of z for which the Weyl cokernel is non-trivial. We have
with 
2 δ ij at the points where f (z) vanishes. Considering the fact that f (z) is a smooth and positive function of z, the zeros are generic and cannot bifurcate in zeros of lower order.
As long as T is finite we can use the index theorem and conclude that at exactly the same points where dim ker(D † z ) jumps from zero to one, dim ker(D z ) has to jump from one to two. Since D z depends smoothly on z, this necessarily describes the case of a generic level crossing. The only unusual feature is that the "Hamiltonian" is arranged so as to vanish exactly for one of the "adiabatic" eigenstates. The resulting Berry potential [15] associated to the isolated crossing corresponds precisely to the spatial components of the Nahm connection, eq.(3). Due to the topological nature of the Berry phase we can immediately conclude that the level crossing acts as the source of a Dirac monopole with the appropriate charge quantisation, enforcing q = π. It is clear that this assignment is independent of T and this fixes the charges for the case of T 3 × R. Note thatĀ → 0 for T → ∞. We reiterate that under this limit the total action stays fixed to 8π 2 , as dictated by the unit topological charge, and the fields are forced to decay to flat connections at both ends, thereby dictating the location of singularities that act as point sources. We note that for twisted boundary conditions one can put ω
Generically there are N sources with charge q = π and N sources with the opposite charge. Higher charges appear only in case some of the ω j ± coincide. The enlarged subgroup that leaves the holonomies invariant leads to appropriate additional zero-modes for D † z .
The Nahm connection onT
3 is uniquely determined by the point charges we described above,Â
One difficulty is to evaluate the sum over the periods, as it formally diverges. This can be achieved in terms of lattice sum techniques based on resummations [16] . Quite fortunately this problem was already tackled long ago in evaluating the one-loop effective potential for constant Abelian gauge fields on
where the rapidly converging expression for W ( z) can be taken from eq. (A.10) of ref. [17] ,
It can be shown [17] that ∆W ( z) = −4π(δ( z)−1), where δ( z) is the periodic delta function, such that indeed
It is still a formidable task to reconstruct from this explicit expression for the Nahm connection the original non-Abelian gauge field on T 3 ×R. This requires, like for the simpler case of the calorons [7] , the formulation of a modified Nahm transformation, dealing with the singularities to which violations of self-duality are restricted. Nevertheless, given the existence of solutions with twisted boundary conditions interesting conclusions can be drawn. Up to an overall constant, related to the position of the instanton on T 3 × R,Â( z) is determined uniquely by the eigenvalues of the holonomies. These holonomies, when taking the limit T → ∞ (unlike in the case of the calorons) arise from the properties of the solutions on T 4 = T 3 × [0, T ], and are thus part of the gauge invariant moduli. Together with the position of the charge one instanton, these account for the 3(N −1)+4 parameters of the gauge invariant moduli space. The holonomy breaks the gauge group to U(1) N −1 , accounting for N − 1 additional parameters that are part of the moduli space of framed instantons, which has dimension 4N, as is appropriate for the torus and this leaves no room for a scale parameter of the instanton. We thus conclude that the size of the instanton is related to the holonomies, something that was conjectured [10] on the basis of numerical studies [19] and in direct analogy with the situation for instantons on the cylinder for the O(3) model [20] .
For SU(2) it was indeed observed that the largest instanton, the one that described tunnelling through the lowest barrier (sphaleron), is associated to k = (1, 1, 1) and all holonomies equal to ±1. This corresponds to ω − and ω + (= k, the twisted boundary conditions are compatible with periodic boundary conditions, and indeed ω − and ω + become equal andÂ( z) will vanish (apart from a trivial constant). In that case, like in the analysis for the caloron [7] , associating the Nahm and ADHM formulation by Fourier transformation the solution becomes expressible in terms of the 't Hooft ansatz [18] ,
Resummation of the lattice sum is easily performed, but positivity of φ(x) is seen to force ρ to zero. 6. It is tempting to conjecture on the basis of our results for the Nahm connection that solutions will exist for open boundary conditions, in which case the holonomies at both ends are not related 1 . If true, we can obtain periodic boundary conditions as a limit from the one with open boundary conditions, implyingÂ( z) to approach a constant, and one would as above conclude that this forces the size of the instanton to zero.
It is amusing in the light of this to note that, when extending the caloron construction [7] based on Fourier transformation of the ADHM formulation in an obvious way to T 3 × R (e.g. see eq. (40) in ref.
[8b]), one finds
where for simplicity we only considered SU (2) . Here the direction of a is related to the common gauge orientation of the holonomies and its length is related to the square of the scale parameter that appears in the ADHM construction. Due to the vectorial nature of the singularity it is natural to assume the gauge field is described by an electric-magnetic dipole. Remarkably, it is well known in the theory of classical Electrodynamics (e.g. see ref. [21] ) that for dipoles
These delta functions differ between electric and magnetic dipoles, as the first comes from two approaching point charges and the second from a shrinking current loop. Thus, with p = m, one finds B( x) − E( x) = 4π mδ( x), precisely of the required form. The appropriate solution for SU(2) is described by two "dyonic" dipoles of opposite strength located at z = ± ω. Outside the singularities this can easily be expressed in terms of the lattice sums we defined before,B
Indeed, resolving the quadratic ADHM constraint [6] and explicit Fourier transformation reproduces this result, including the appropriate delta functions that violate the selfduality [22] . Nevertheless, as we cannot argue for the existence of solutions with periodic boundary conditions on T 3 × R, it may be that this dipole solution to the Nahm equations is not realised, except for a → 0, implying the size of the instanton to go to zero. The dipole approximation obtained from open boundary conditions, letting ω + tend to ω − to approach periodic boundary conditions, indeed leads to vanishing dipole moments (since the charge is fixed). This conclusion can only be avoided in case no solutions with open boundary conditions exist.
7. In conclusion, we have shown that one can extract analytic results for the Nahm transformation of the charge one instanton on T 3 × R, which provides interesting information on the parameters that describe the solutions. The situation is quite similar to that for the O(3) model on the cylinder. It will be interesting to be able to demonstrate the existence of solutions with open boundary conditions. However, the biggest challenge remains the formulation of the inverse Nahm transformation, which requires us to study the (modified) Weyl equation in a lattice of "dyonic" charges.
Numerical studies of the Nahm transformation [23] have been implemented, and may well play a role in analytically addressing these issues. Preliminary results [24] relevant for the case studied here are very encouraging and stimulating. Also the deformation of the Nahm transformation to the noncommutative torus [25] and its M-theory compactifications [26] could perhaps provide insight in the problem addressed here.
